EXEL CROSSED PRODUCTS, STACEY CROSSED PRODUCTS, 
AND CUNTZ-PIMSNER ALGEBRAS 

ASTRID AN HUEF AND IAIN RAEBURN 

Abstract. There are many different crossed products by an endoniorphisni of a C*- 
algebra, and constructions by Exel and Stacey have proved particularly useful. Here 
we show that every Exel crossed product is isomorphic to a Stacey crossed product 
;<— ^ ' (though by a different endomorphism of a different C*-algebra), that every Stacey 

^N^ , crossed product is an Exel crossed product, and answer some questions raised by 

lonescu and Muhly. 

3 , While this manuscript is not yet in its final form(s) several people have already used 

our results, so we are posting it now. 
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1. Introduction 

Everybody agrees that when a is an automorphism of a unital C*-algebra A, the 
crossed product A Xq, Z is generated by a unitary element u and a representation tt : 
A — )■ A xitv Z which satisfy the covariance relation 

(1.1) 7r(a(a)) = u7T{a)u* for a & A. 



The covariance relation can be reformulated as 7r{a{a))u = u7T{a) or u*7r{a{a))u = vr(a), 
and, when a is an automorphism, these reformulations are equivalent to (II. ip . When 
a is an endomorphism, though, these reformulations are no longer equivalent, and give 
C^ ■ different crossed products. Thus there are several crossed products based on covariance 

relations in which u is an isometry [39lll8l[T7j, and still more crossed products in which 
M is a partial isometry [361 H] . The crossed products constructed by Stacey [H] and by 
Exel [17] have proved to be particularly useful. 

Stacey's crossed product A Xq, N is generated by an isometry s and a representation 
71 oi A satisfying 7r(a(a)) = S7r{a)s*. His motivating example was the endomorphism 
5^ i a of the UHF core A in the Cuntz algebra On described by Cuntz in [TB], for which 

we recover 0„ as A x^, N (see also [HI [7|). Stacey's construction has been extended 
to semigroups of endomorphisms, and these semigroup crossed products were used to 
study Toeplitz algebras [21 EI]; they have since been used extensively in the analysis of 
C*-algebras arising in number theory (see [32l [HI [29], [351 EH], for example). 

Exel's construction depends on the choice of a transfer operator L : A -^ A ioi 
a, which is a positive linear map satisfying L{a{a)b) = aL{h). He uses L to build a 
Hilbert bimodule Ml over A, and then his crossed product A Xq^^ N is closely related 
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2 AN HUEF AND RAEBURN 

to the Cuntz-Piinsner algebra 0{Ml) of this bimodule (the precise relationship is de- 
scribed in [ID])- The motivating example for Exel's construction is the endomorphism 
of C({1, ■ ■ ■ , n}°°) induced by the backward shift, for which averaging over the n preim- 
ages of each point gives a transfer operator L such that On = C{{1, ■ ■ ■ ,n}°°) ><ia,L N. 
More generally, Exel realised each Cuntz-Krieger algebra Oa as a crossed product by the 
corresponding subshift of finite type, thereby giving a very direct proof that the Cuntz- 
Krieger algebra is determined up to isomorphism by the subshift. Exel's construction has 
attracted a good deal of attention in connection with irreversible dynamics [211 HSl 112] , 
and has also been extended to semigroups of endomorphisms with interesting conse- 
quences [Ml in] • 

The purpose of this paper is to discuss some new relationships between the construc- 
tions of Stacey and Exel. On the face of it, their constructions are quite different, and 
are interesting for different classes of endomorphisms: for example, Stacey crossed prod- 
ucts are not interesting for unital endomorphisms whereas Exel crossed products are. 
Nevertheless, we have noticed that C*-algebras can have several different descriptions 
as crossed products by endomorphisms (as discussed for On above). Our interest in this 
subject arose from recent work of lonescu and Muhly [25] which describes two different 
realisations of a particular groupoid C*-algebra C*{G) as Cuntz-Pimsner algebras. We 
recognised that both these Cuntz-Pimsner algebras are Exel crossed products, and asked 
ourselves whether there is a general mechanism at work. 

We think that we have found some interesting relationships between Exel crossed 
products and Stacey crossed products which explain the phenomenon we observed in 
[25]. Our results say that, modulo some minor extra hyotheses on [A, a, L): 

• Every relative Cuntz-Pimsner algebra of an Exel system is a Stacey crossed 
product (Theorem l3.H generalising [TH Theorem 6.5]). In particular, every Exel 
crossed product is a Stacey crossed product ( Cor oUarv 14 . 1 1 and Theorem 15. 3p . 

• Every Stacey crossed product is an Exel crossed product (Theorem 16.21 general- 
ising [T71 Theorem 4.7]). 

Combining them gives our explanation of the lonescu-Muhly phenomenon concerning 
the groupoid C*-algebra C*{G) (see ^. lonescu and Muhly also ask whether, with 
some additional hypotheses, C*{G) is isomorphic to a certain Stacey crossed product of 
multiplicity n; in an appendix we give an example where this is not the case. 

Exel crossed products have recently been used to model and study the C*-algebras 
of directed graphs [TT]. Since allowing infinite graphs gave important extra generality 
for graph algebras, this has highlighted the need to study Exel crossed products for 
nonunital algebras, and we do this throughout. At the end, we apply our results to 
graph algebras, and find a new realisation of the graph algebra C*{E) as a Stacey 
crossed product C*{E)^ x^ N by an endomorphism (i of the core, extending work of 
Kwasniewski on finite graphs [28] (see Q. Our analysis requires a concrete description 
of the core in the C*-algebra of a column-finite graph, which we provide in an appendix. 

2. Stacey crossed products 

Suppose that a is an endomorphism of a C*-algebra A. A Stacey- covariant representa- 
tion of {A, a) in a C*-algebra B consists of a nondegenerate homomorphism tt : A ^ B 
and an isometry V G M{B) such that n{a{a)) = Vn{a)V*. Stacey showed in 



EXEL AND STAGEY CROSSED PRODUCTS, AND CUNTZ-PIMSNER ALGEBRAS 3 

§3] that there is a crossed product A x^^ N which is generated by a universal Stacey- 
covariant representation {iA,v)- If (^r, ^) is a Stacey-covariant representation of {A, a) 
in B, then we write tt xV for the nondegenerate homomorphism of A Xq, N into B such 
that {tt X V) oij^ = IT and (vr x V){v) = V. (Stacey called A Xq, N "the multiplicity-one 
crossed product" of {A, a).) 

The crossed product A Xq, N carries a dual action a of T, which is characterised 
by dz(zA(a)) = «yi(a) and dz(f) = zv. The following "dual-invariant uniqueness the- 
orem" says that this dual action identifies A Xq, N among C*-algebras generated by 
Stacey-covariant representations of {A, a). It was basically proved in [3, Proposition 2.1] 
(modulo the correction made in [2]). 

Proposition 2.1. Suppose that a is an endomorphism of a C* -algebra A, and (vr, V) 
is a Stacey-covariant representation of {A, a) in a C* -algebra D. If it is faithful and 
there is a strongly continuous action 7 : T — )■ KwiD such that 7^(7r(a)) = 7r(a) and 
Iziy) = zV, then tt x V is faithful on A XaN. 

Proof. The conditions on 7 say that (vr x V){azib)) = 72((vr x V){b)) for all & G A Xq, N. 
Thus 

xV)( [ a,{b)dz) = [{nxV){a,{b))dz = [ ^,{{n x V){b)) dz 



TT 

'T 



T 



'T 

< [u{inxV){bmdz= [\\{7TxVm\\dz 

= \\{nxV){b)l 

We now take {B,f3) = {A x^ N, d), and apply [3 Lemma 2.2] to {B,f3). We have just 
verified the hypothesis (2) of [3 Lemma 2.2]. The other hypothesis (1) asks for ir x V 
to be faithful on the fixed-point algebra B^ = (A Xq, N)". However, the proof of [21 
Lemma 1.5] uses neither that A is unital nor the estimate (ii) in [2], Theorem 1.2], and 
hence we can deduce from that proof that tt x V^ is faithful on B'^. Thus [3 Lemma 2.2] 
applies, and the result follows. D 

3. Relative Cuntz-Pimsner algebras of Exel systems 

An endomorphism a of a C*-algebra A is extendible if it extends to a strictly con- 
tinuous endomorphism a of M{A). Nondegenerate endomorphisms, for example, are 
autmatically extendible with a(l) = 1. In this paper we are interested in Exel systems 
{A, a, L) of the kind studied in [TT], which means that a is an extendible endomorphism 
of a C*-algebra A and L : A ^ A is a positive linear map which extends to a positive 
hnear map L : M{A) -)■ M{A) such that 

(3.1) L{a{a)m) = aL{rn) for a E A and m G M{A). 

Equation (13. ip implies that L is strictly continuous, and we then assume further that 
L{1m(a)) = 1a/{A) (but not that a is unital). We say that L is a transfer operator for 
{A,a). 

Let Ml denote the Hilbert bimodule over A constructed in [TT]. (This construction 
extends the one of [TT] to non-unital A, and follows the lines of [ID]-) Briefiy, A is given a 
bimodule structure by a • m = am and m-h = ma{b), and the pairing {m , n) = L{m*n) 
defines a pre-inner product on A. Modding out by m such that {m , m) = and 
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completing gives a right-Hilbert biinodule M^. We denote hy q : A ^ M^ the canonical 
map of A onto a dense sub-bimodule of M^, and by the homomorphism of A into 
£{Mi) implementing the left action. 

Following [23], a representation ('?/', vr) of M^ in a C*-algebra 5 consists of a linear 
map ip : M^, — )■ i? and a homomorphism vr : A — )■ 5 such that 

iplm ■ a) = tlj{m)7i{a), %p{m)*'il){n) = TT{ijn , n)), and tp{a ■ m) = 7i{a)tlj{m) 

for a & A and 171,11 & Ml- By p4l Proposition 1.8], a representation (■?/;, vr) of Ml gives 
a representation (V'®*, tt) of Mf ' := M^ (8)^1 ■ ■ ■ (g)A Ml such that ^®\mi (g)^ ■ ■ ■ (g)^ mj) = 
i/j{mi) ■ ■ ■ il){mi). The Toeplitz algebra T{Ml) is the C*-algebra genertaed by a universal 
representation Jm,Ja) of M^, and [231 Lemma 2.4] says that 

r(ML) = spaE{jZ' {m)j%\nr : m e Mf\ n e Mf z,j G N}. 

There is a strongly continuous action 7 : T — )■ Aut T{Ml), called the gauge action, such 
that 7z(jA(a)) = jA(a) and 'jziJAiim)) = zJM{m) [231 Proposition 1.3]. 

A representation {ip, vr) of Ml in 5 gives a homomorphism ('0, vr)*^^^ : }C{Ml) — )■ -B such 
that {tp,7rY^\Qrn,n) = ip{m)ip{n)* for every rank-one operator 0m,n : p ^-^ in ■ {n , p). 
Following [23| §1], if J is an ideal of A contained in 0~^(/C(Ml)), then we view the 
relative Cuntz-Pimsner algebra 0{J, Ml) of [38] as the quotient of T{Ml) by the ideal 
generated by 

[JAia) - {jMjAY^\(p{a)) -.aeJ}. 

We write Q or Qj for the quotient map. Then {kM.kA) '■= {Qj ° Jm,Qj ° Ja) is 
universal for representations ('?/^, vr) which are coisometric on J (that is, satisfy vr|j = 
(V',7r)W o 01 j). If J = {0} then 0{J,Ml) is just T{Ml); if J = 0-1(/C(Ml)) then 
0{J,Ml) is the Cuntz-Pimsner algebra 0{Ml) of [13|, and representations that are 
coisometric on 0~^(/C(Mx,)) are called Cuntz-Pimsner covariant. 

It follows from [231 Lemma 2.4] that each quotient 0{J, Ml) carries a gauge action 
7 : T — )• (9( J, Ml) such that the quotient map Qj is equivariant, and the fixed-point 
algebra or core is 

C(J,Ml)^ = span {A;f;(m)A;®Xn)* : m,n e Mf, i G N}. 

The following theorem generalises [TSl Theorem 6.5]. 

Theorem 3.1. Suppose that {A, a, L) is an Exel system, and J is an ideal of A contained 
in 4>~^{1C{Ml)). There is a unique isometry V G M{0{J,Ml)) such that kM{q{a)) = 
kA{a)V for a & A, and AdV restricts to an endomorphism a' of the core Cj : = 
0{J,Ml)^ such that 

(3.2) a'(A;f;(a ■ m)kfi{h ■ n)*) = kf{'+'\q{a{a)) ®a m)ktt'\q{a{b)) ^a n)* 

for a,b & A and m,n & Mf\ Further, a' is extendible with «'(!) = VV* , is injective 
and has range a'{l)Cja'{l). Finally, (id, "K) is a Stacey- covariant representation of 
{Cj, a') such that id xV^ is an isomorphism of the Stacey crossed product Cj x^'N onto 
0{J,Ml). 
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Proof. Since we know from [TT| Corollary 3.5] that k^ : A ^ 0{J,Ml) is nondegen- 
eratcl, there is at most one multiplier V satisfying kM{q{a)) = kA{a)V, and we have 
uniqueness. 

When the C*-algebra A has an identity, we can deduce from the results in [101 §3] 
that V := A;A./(g(l)) has the required properties. When A does not have an identity, 
we take an approximate identity {e\} for A, and claim, following Fowler [221 §3], that 
{kAiiqiex})} converges strictly in M{0{J,Ml)) to a multiplier V. Indeed, for a,b E A, 
m e Mf' and n e Mf^ we have 

(3.3) kM{q{e>))ktl{a ■ m)kfi{h ■ n)* = kM{q{e>))kA{a)kfi{m)k®J{h ■ n)* 

= kM{q{exa{a)))kfi{m)kti{h-nr 
^kM{q{a{a)))kf,{m)kfj{h-n)\ 
and similarly 

(3.4) kfi{a ■ m)kf^{b ■ nykMiqiex)) ^ kf}{a ■ m)k'^{nrkM{q{h*)). 

Since L is positive and L(l) = 1, we have ||L|| < 1, and ||Q'(eA)|| < ||eA|| < 1 for all A. 
Thus, since the elements kf^{a ■ ni)kf^{h ■ n)* span a dense subspace of 0{J,Ml), an 
e/3 argument using (13. 3p and (13.41) shows that {kM{q{,^\))b} and {hkuiqi^x))} converge 
in 0{J,Ml) for every b G 0{J,Ml). Thus {kMiqi^x})} is strictly Cauchy, and since 
M{0{J,Ml) is strictly complete we deduce that {kMiqi^x))} converges strictly to a 
multiplier V; (13. 3p implies that V satisfies 

(3.5) Vkf}{a ■ m)]^{b ■ n)* = kM{q{a{a)))kfi{m)kf^{b ■ n)*. 
To see that V is an isometry, we observe that 

kM{q{ex)ykMiqiex)) = kA{{q{ex),q{ex))) = kA{L{el)); 

since L is strictly continuous, L{e\) converges strictly to L{1m{a)) = 1a/(A)- Since 
kA '■ A ^ 0{J,Ml) is nondegenerate, kM{q{ex))*kM{q{ex)) converges strictly to 1 = 
^M{o(j,ML))y ^^^ since the multiplication in a multiplier algebra is jointly strictly con- 
tinuous on bounded sets (by another e/3 argument), we deduce that V*V = 1. Thus V 
is an isometry. Next, we let a G A and compute 

(3.6) kM{q{a)) = \imkM{q{aex)) = limA;M(a ■ q{ex)) = limkA{a)kM{q{ex)) = kAia)V, 

A A A 

so V has the required properties. 

Conjugating by the isometry V G M{0{J, Ml)) gives an endomorphism Ad\^ : T i— )■ 
VTV*, and two applications of (13. 5p show that 

(3.7) AdV{kf}{a ■ m)kf}{b ■ n)*) = kM{q{a{a)))kf}{m)kf}{n)*kM{q{a{b)))* 

= kt^^'\q{a{a)) ®^ m)kt^'-'\q{a{b)) ®a n)* . 

The formula (13. 7p implies that Ad V maps the core Cj into itself, and that the restriction 
a' := (Ad\^)|cj satisfies (13. 2p . The pair (id, V) is then by definition Stacey covariant for 
a' G End Cj, and we can apply the dual-invariant uniqueness theorem (Proposition 12. ip 
to the gauge action 7 on 0{J,Ml), finding that id xV^ is a faithful representation of 



We caution that this nondcgcncracy is not at all obvious, and even slightly surprising, because the 
representation tt in a Tocplitz representation (V'jTt) is not required to be nondegenerate. 
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Cjx„/N in C(J, Ml). The identity kM{q{a)) = kA{a)V implies that kuiML) = kA{A)V, 
and since 0{J,Mi) is generated by /ca(^) C Cj and kMiM^), the range of idxl^ 
contains the generating set kA^A) U kA{A)V, and hence is all of 0{J, M^). 

It remains for us to prove the assertions about a'. It is injective because Adl^ is. 
Since fc^ is nondegenerate the image {kA{ex)} of an approximate identity {ex} converges 
strictly to 1 in M{0{J,Ml)). Hence {a'{kAlex))} =_{VkA{ex)V*} converges strictly to 
the projection VV*. Thus a' is extendible with a'(l) = VV* by, for example, [H 
Proposition 3.1.1]. 

The range of a' is certainly contained in the corner a'{l)Cja'{l). To see the reverse 
inclusion, fix T G a^(l)Cja^(l). Then T = VV*SVV* = Ad V{V*SV) for some S G Cj. 
Since Cj is a'-invariant, to see that T is in the range of a' = AdV\cj it suffices to see 
that V*SV is in Cj, and, by continuity of Ad V*, it suffices to see this for 5* of the form 

S = kf}i{a ■ mi) (g)A m')kf}i{b ■ n^) (g)A n')* 

where a,b G A, mi,ni G Ml and m', n' G M^ . For i > 1 the calculation 

V*kfi{ia ■ mi) ^A m') = {kA{a*)VrkMim,)ktt'\m') 

= kM{q{a*)rkM{m^)kt~'\ni') 

= kA{{q{a*),mi))klJ'~^\m) 

= kf-'\{q{a*),m,).m') 

gives 

V*SV = kl^'-'\{qia*),7m).m')ktt'\{Qib*).n^)-nr G Cj. 
For i = we have 

V*SV = V*kA{a)kAibyV = kM{q{a*)rkM{q{h*)) = kAMa*) , q{b*))) G Cj. 

Thus T = Ad V{V*SV) = a'{V*SV), and a' has range a^(l)Cj^(l). D 

4. EXEL CROSSED PRODUCTS 

Suppose that {A,a,L) is an Exel system, as in ^ As in [TT], a Toeplitz-covariant 
representation of (A, a, L) in a C*-algebra i? consists of a nondegenerate homomorphism 
71 : A ^ B and an element S* G M{B) such that 

5*71(0) = 7r(a(a))5' and S'*7r(a)S' = 7r(L(a)). 

The Toeplitz crossed product T{A, a, L) is generated by a universal Toeplitz-covariant 
representation [i, s) (or, more correctly, by i{A) Ui{A)s). By [TTl Proposition 3.1], there 
is a map ips '■ Ml — )■ T{A, a, L) such that tps^q^a)) = i{a)s, and (^/^s, i) is a representation 

of Mi. Set 

Ka := v4a(A)A n 0-^(/C(Mi)). 

In [m §4], the Exel crossed product A x^ ^ N of a possibly non-unital C*-algebra A by 
N is the quotient of T{A, a, L) by the ideal generated by 

We write Q for the quotient map of T(A, a, L) onto A x^ ^.N, and (j, t) := (Qoz, Q(s)). 
There is a dita/ action d of T on A 'Aa,L N such that d^(j(a)) = j(a) and d^(t) = zt. 
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Theorem 4.1 of [H] says that there is an isomorphism 9 of 0{Ka., Ml) onto A xIq,.l P^ 
such that Qok^ = Qoi and 6okM = Q^i^s- We will now use 6 to transfer the conclusions 
of Theorem 13. II over to A y^a.L N. 

If {ca} is an approximate idenity for A, then 

eokM{q{e^)) = Q(^s(g(eA))) = Q{^{e^)s) = Q{i{ey))Q{s) 

converges by nondegeneracy of i to Q(s), and hence 9 carries the isometry V of The- 
orem 13.11 into t := Q{s). The isomorphism 9 is equivariant for the gauge action 7 
on (9(K„,Mx,) and the dual action a on A yia,L N, and hence maps the core Ck^ = 
0{K^,MlV onto {A xi^^L^f. 

Next, we want a workable description of {A yia,L P^)"- For m = g(ai) <S)a ■ ■ ■ ®^ Q{o,i) £ 
we have 



(4.1) kf^{m) = kM{q{ai)) ■ ■ ■ kM{q{ai)) = kA{ai)V ■ ■ ■ kA{ai)V 

= kA{ai)kA{a{a2))V^kA{a3)V- ■ ■ kA{ai)V 

= A;yi(aia(a2)«^(a3) ■ ■ ■ Ci^"^ {0'i))V\ 

and hence 9 takes kf^{m) into an element of the form j{a)t\ Now 

span [j{a)tH*^j{h) : a, 6 G A, i, /c G N} 

is a *-subalgebra of A y\a,L'^ containing the generating set j{A) U j{A)t, and hence is 
dense in A x1q,.l N. The expectation onto [A xi^ /^ N)" is continuous and kills terms with 
i 7^ /c, so 

(4.2) {A >^„,iN)'* = span {j(a)ft"j(^) : a,h & A, i G N}. 

Corollary 4.1. Suppose that (A, a, L) is an Exel system. Then there is an injective 
endomorphism /3 of {A >ia,L N)" such that 

(4.3) (3{j{a)tH*^j{b)) = j{a{a))f^H<^^'^j{a{b)). 

The endomorphism /3 is extendible with /3(1) = tt* and has range tt*{A ><ia,L N)"tt*. 
The pair (id, t) is a Stacey-covariant representation of ((A xi^,^^ N)°,/3), and idxt is 
an isomorphism of the Stacey crossed product {A >ia,L ^)°' X/3 N onto the Exel crossed 
product A yia,L^- 

Proof. Applying the isomorphism 9 : 0{Kci,Mi) — )■ A x^^ N to the conclusion of 
Theorem 13. II gives an endomorphism /3 := 9oa' o9^^ of {A ><ia,L^)°' and an isomorphism 
id xt of {A Xq, i N)" x^ N onto A ><ia,L N. It remains for us to check the formula for /3. 
Let m = q{ai) ®a ■ ■ ■ ®yi q{ci'i)- Then the calculation (14. ip shows that 9 carries kf,j{c ■ m) 
into j{caia{a2) ■ ■ ■a^~^{ai))t\ and fc^ {q{a{c)) ®yi m) into 

J (a (c) a (01)0^(02) ■ ■ ■ a'^{ai))f~^^ = j(a(caia(a2) ■ ■ ■ a'^~^{ai)))f~^^, 

so gSD follows from ([32]). D 

Remark 4.2. Since we have identified how the action a' on the core of 0{Ka, Ml) 
pulls over to the Exel crossed product A >ia,L N, we will from now on freely identify 
0{Ka, Ml) and A >ia,L N, and drop the isomorphism 9 from our notation. 
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Example 4.3. We now discuss a family of Exel systems studied in [T2j and [33] • Let 

d e N and fix i? G Mrf(Z) with nonzero determinant A^. (This matrix B plays the same 
role as the matrix B in [T^ |33] ; because A is already heavily subscribed in this paper, 
we write S* in place of the matrix A used there.) 

The map 0"^* : T"^ — )■ T*^ characterised by crst(e^'^*^) = c^ttiB x jg ^^ cover- 
ing map, and induces an endomorphism a^t : / i— )• / o cr^t of C(T'^), and 
L{f){z) := iV^^ Xlcr t{w)=zf('^) defines a transfer operator L for a^t. Proposition 3.3 
of [33] says that the Exel crossed product C(T'^) xi^ t,L'^ is the universal C*-algebra 
generated by a unitary representation u of Z'^ and an isometry v satisfying 

(El) VUm = UBm, 

,^ , , UB-im. if m G B7/ 

(E2) V UmV 




otherwise, and 

(E3) 1 = Emes(«'n^)(«mt^)*; 

we then have 

CiT"^) y^a^t,L N = Spaii{Umvh!*^U*^ : k, I E N aud 771, u E Z'^}. 

When we view C{T'^) 'Xagt,L N as a Cuntz-Pimsner algebra (C(Ml), jm^, Jc(Td)) as in 
Remark 14.21 v = JM^(g(l)) = t and u is the representation m H- Jc(T'')(7m), where 
7^(2;) := z"^- Since aBt(7m) = 'jBm, Corollary 14.11 gives an endomorphism f3 of 

(C(T'^) x«^,,L N)"^* = span{n„i;\;«< : z G N and m, n G Z'^} 

satisfying 

(4.4) (3{u„yv*^u*J = UBmv''-'v*^'^'^u*^^. 

Now that we have the formula for /3, we can prove directly that there is such an 
endomorphism. To see this, we choose a set S of coset representatives for Z"'/i?Z'^, and 
recall from [33l Proposition 5.5(b)] that for each i and 

Si := {/ii + 5^2 + • ■ ■ 5'~Vi : /" e S'}, 

{um^*'y**iin : m, n G Sj} is a set of nonzero matrix units. Thus there is a homomorphism 
: Ms,(C) -^ Me^^^(C) such that CiiumV'v*'u*J = UBmV'^^v*'''+^^u*^^. Let 5 denote 
the universal representation of S^Z*^ in C* {B^^^U^) . Then the unitary representation 
B'^m I— !■ ^^i+im induces a homomorphism 77, : C*{B^Z'^) — )■ C*(-B*"'"^Z'^). When we 
identify d := spanlM^w^w^O with Ms,(C) ® C*{B'Z'^) as in [331 Proposition 5.5(c)], 
we get homomorphisms 

A := ® ^. : a = Ms,(C) ® C*(5*Z'^) ^ Q+i = Ms,^,(C) ® C*(i?*+iZ^) 

satisfying (14. 4p . The Cuntz relation (E3) implies that /3j+i|(7. = /3j, and hence the /3j 
combine to give a homomorphism /3 : IJi^i ^i ~^ Ui^i ^i satisfying (14. 4p : since the 
homomorphisms f3i are norm- decreasing, /S extends to an endomorphism of 0{Ml)"' = 
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5. CUNTZ-PlMSNER ALGEBRAS 

Let {A, a, L) be an Exel system as in §31 and let / be an ideal in A. Following [TU| 
Definition 4.1], we say that L is almost faithful on I if 

a & I and L{b*a*ab) = for all b & A imply a = 0. 

Since 

(5.1) L{b*a*ab) = {q{ab),q{ab)) = (0(a)(g(6)), 0(a)(g(6))), 

L is almost faithful on I if and only if 0|/ : I — >■ C{Ml) is injective. In this section, we 
suppose that L is almost faithful on (J)~^{]C{Ml)). Then [38l Proposition 2.1] implies 
that the canonical map Ua '■ A ^ 0{Ml) is injective. This will allow us to use [23| 
Corollary 4.9] to realise the core 0{Mi)"' as a direct limit. 

We denote the identity operator on M®* by Ij, and write K,{M®-') ®a ^i-j for the 
image of K,{Mj^-') under the map T ^ T ®a Ij-j- Then, following [231 §4], we define 

a = {A ®A h) + (/C(Mi) ®A l.-i) + ■ ■ ■ + UMf), 

which is a C*-subalgebra of C{Mf). We define <pi:Ci^ a+i by <pi{T) = T®a li, and 
define (Coo, '-*) := lhs(C*j, (pi). Since kA is injective, we can now apply [231 Corollary 4.9] 
to the Cuntz-Pimsner covariant representation {kM,kA), and deduce that there is an 
isomorphism k of C^o onto the core 0{Mi)"' such that 

(5.2) n{i\T ®A h-j)) = {k^, kAY'\T) for T e ]C{M^') and z > j 

(the notation in [22] suppresses the maps t* ). 

To describe the endomorphism /3 := k~^ o a' o k, oi C^o, we need some notation. 

Lemma 5.1. The map U : A ^ Ml defined by U{a) = q{a{a)) is an adjointable 
isometry such that U*{q{a)) = L{a) for a E A. 

Proof. The calculation 

(5.3) (f/(a) , U{b)) = {q{a{a)) , q{a{b))) = L(a(a)*a(6)) = L{a{a*b)) = a*b = {a , b) 
shows that U is inner-product preserving. We next note that 

(5.4) {U{a) , q{b)) = L{a{ayb) = a* L{b) = {a , L{b)). 
Equation (15. 4p implies that 

\\a*Lm = \\ma),qib))\\ < ||t/(a)|| ||g(6)|| = ||a|| ||g(6)||; 

thus ||i>(6)|| < ||g(6)||, and there is a well-defined bounded linear map T : M^ — )■ A such 
that T{q{b)) = L{b). Now (15. 4p shows that U is adjointable with adjoint T. D 

Corollary 5.2. Define maps Ui : Mf' -^ Mf ^'+^^ by identifying Mf with A ®^ Mf 
and taking 

Ur.= U®Ali:M^' = A 0A Mf -^ Ml ®a Mf = M^'^'l 
Then each Ui is an adjointable isometry, and 

(a) Ui{a ■ m) = q{a{a)) ®a m; 

(b) U*{q{a)0Am) = L{a) ■ m; 

(c) Ui+i = Ui®Al and f/*+i = U*®aI. 
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With the notation of Corollary 15. 2^ we can now describe the endomorphism on Coo- 

Theorem 5.3. Suppose that (A, «, L) is an Exel system such that L is almost faithful 
on (j)^^ {1C{M l)) . Then there is an endomorphism /3 of Coo '■= lh5(C*i5 0i) such that 

(5.5) l3{i\T)) = l'-^\U,TU:) for Tec, 

and /3 is extendible and injective with range /3(l)Coo/3(l). Let k he the isomorphism of 
Coo onto 0{Mi)"' satisfying f l5.2p . and let V he the isometry in M{0{Ml)) such that 
kMilici)) = kA{ci)V for a & A (as given hy Theorem 13.1)) . Then {k,V) is a Stacey- 
covariant representation of {CooiP) in 0{Ml), and n x V is an isomorphism of the 
Stacey crossed product Coo X/3 N onto 0{Ml). 

Proof. We define /3 := n~^ o a' o k, where a' is the endomorphism from Theorem 13.11 

Let a ■ m, 6 ■ n G Mf\ Then k o L\ea-m,b-n) = kf}{a ■ m)kfi{b ■ n)*, and 

K O /3 O L\Qa-m,b-n) = a O KO l' {Qa-m,b-n) 

= kZ^'^-'^qiaia)) ®^ m)kl^'^'\q{a{b)) ®^ n)* (using ([SSD) 

= K O i (Bq(Q(a))(g)^m,g(a(fe))(g)An) 
= KO l" {'duiia-m.),Ui{b-n)) 
= KOt^+\U,Qa.m,b.nU:). 

This gives ([53]) for T G /C(Mf *). For j < z and 5 G /C(Mf^), we have 
/3{l\S(»a 1.-,)) = f^ii^'iS)) = L^+\U,SU*) 

= L'+\U,{S®Ah^,)U*)^ 

and adding over j gives (15. 5p for arbitrary T in Cj. The theorem now follows from 
Theorem 13. 1[ D 

Remark 5.4. Equation (15.11) implies that (j) is injective if and only if L is almost 
faithful on A. For a classical system associated to a surjective local homeomorphism 
a : X ^ X, the transfer operator L that averages over inverse images is always faithful. 
Other transfer operators for other surjections a : X ^ X need not be faithful — see [TOj 
Example 4.7]. The canonical transfer operators for corner endomorphisms, on the other 
hand, are never faithful but, as we shall see in §21 they are often almost faithful. 

Connections with a construction of Exel. In [181 Theorem 6.5], Exel shows that 
if A is unital, a is injective and unital, and there is a faithful conditional expectation E 
of A onto a{A), then his crossed product A >ia,a-^oE N is isomorphic to a Stacey crossed 
product ^ x^/ M. The C*-algebra A is by definition a subalgebra of the C*-algebraic 
direct limit of a sequence of algebras of the form £(Mj) for certain Hilbert modules 
Mi. Exel's hypotheses on a imply that L := a~^ o £■ is a faithful transfer operator 
for a satisfying L{1) = 1, and hence that : A — )■ C{Ml) is injective. Thus the Exel 
crossed product A Xq^l N is the Cuntz-Pimsner algebra 0{Ml), and Theorem 15.31 gives 
an isomorphism of Coo x^ N onto A >ia,L N. It is natural to ask whether Exel's system 
{A, /3') is the same as the system {Coo, (3) appearing in Theorem 15.31 
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Exel's module Mi is the Hilbert module over a^{A) associated to the expectation 
a* o U oi A onto a* (A) (which he denotes by £i), and hence is a completion of a copy 
qi{A) of A. By restricting the action we can view Mj as a module over q;*+^(/1), and 
this induces a linear map ji : Mi -^ Mj+i; Lemma 4.7 of [TS] says that there is a 
homomorphism (j)i : C{Mi) — )■ £(Mj+i) characterised by (/>i(T) o ji = ji o T. (Exel 
writes the maps ji as inclusions.) Since L* is a transfer operator for a*, a* o L* extends 
to a self-adjoint projection Cj in £(M(). Exel's C*-algebra A is the C*-subalgebra of 
lim(£(Mj), 0j) generated by the images oi A = C{Mq) and {e-i : i E N}. Propositions 
4.2 and 4.3 of [TS] say that a and L extend to isometric linear maps Oj : Mj — )■ Mj+i 
and Li : Mj+i — >■ Mi, Proposition 4.6 of [18] says that the maps /3i : T \-^ ai o T o Li 
are injective homomorphisms of C{Mi) into £(Mj+i), and Proposition 4.10 of [18] says 
that they induce an endomorphism /?' of lim(£(Mj), 0j) which leaves ^ invariant and 
satisfies /3'(ej) = ej+i for i > 0. 

To compare our construction with that of [TBI §4], we use the maps 

Vi : g(ai) ®yi ■ ■ ■ ®A ?(«*) H- gi(aia(a2)a^(a3) ■ ■ ■a*"^(aj)); 

the pairs {Vi, a*) then form compatible isomorphisms of (M®\ A) onto (Mj, a* (A)), and 
induce isomorphisms 6i of C{Mf^) onto C{Mi). One quickly checks that the isometrics 
[/j of Corollary 15.21 satisfy 

Vi+iUiV-\qi{a)) = Vi+iUi{q{a) ®^ 1 ■ ■ ■ ® a 1 

= Vi+i{q{l) ®A q{a) ®a ■ ■ ■ ® g(l)) 
= gi+i(a(a)) = ^^(^^(a)), 

and similiarly ViUiVi+i{qi^i{a)) = qi{L{a)) = Lj(gj+i(a)). Thus our endomorphism 
Ad Ui is carried into Exel's /3j'. The isomorphisms 6i combine to give an injection of our 
direct limit Coo = lhs(C'i5 0i) into lim(£(Mj), 0j), and since ft** = /9*(1) is carried into 
(/3')*(1) = Cj, the formula (14. 2 p implies that the range of this injection is span{aej6 : 
a,b E A}, which by [IHl Proposition 4.9] is precisely A. So (Coo,/3) is indeed isomorphic 
to {A,f3'), and Theorem 15.31 extends [T8l Theorem 6.5]. 

6. StACEY CROSSED PRODUCTS AS EXEL CROSSED PRODUCTS 

Stacey crossed products are particularly useful for studying corner endomorphisms 
which map a C*-algebra onto a corner pAp (see [HI [71 [32], for example). In his original 
paper on the subject, Exel proved that if B is unital and /3 G End B is an injective corner 
endomorphism, then the Stacey crossed product _B x^ N is an Exel crossed product 
B X/3,i<:N for the transfer operator K : b \-^ (3~^{f3{l)bf3{l)) [TTl Theorem 4.7]. Since the 
endomorphisms a' and /3 appearing in our main theorems are corner endomorphisms, 
we are interested in a version of this result for nonunital algebras. 

Proposition 6.1. Suppose that [i is an extendible endomorphism of a C*-algebra B 
such that (3 is injective and f3{B) = ^(1)5^(1). Then K : b ^ /3~^(^ (1)5^(1)) is a 

transfer operator for P, and K is almost faithful on BP{B)B = Bp{l)B. 

Proof. It is easy to see that K is a, positive linear map with norm 1, and a very quick 
calculation shows that it satisfies K[(3{b)c) = bK{c) for b,c E B. Since (3 is injective, the 
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extension /3 is an isomorphism of M{B) onto M(/3(l)i?/3(l)). Multipliers of the form 
^(l)m^(l) in M{B) multiply the corner ^(1)5^(1), so we can define K : M{B) -^ 
M{B) by K{m) = (/3)~^(/3(l)m/9(l)), and this has the required property K{f3{b)m) = 
hK{m) ioi be B and m G M{B). 

To see that K is almost faithful, we suppose that b G BI3{B)B satisfies K{c*b*bc) = 
for all c G -B, and prove that b = 0. We have 

K{c*b*bc) = for all c G 5 ^ ^(l)(c*6*6c)^(l) = for all c G 5 

=^ bcPiX) = for all c G B 

=^ bc^{l)d = for all c,de B 



=^ b{BP{B)B) = 
=^ bb* = 0, 

which implies 6 = 0. Thus K is almost faithful. An approximate identity argument 
shows that B(5{1)B C BI3{B)B, and the reverse inclusion holds because the range of (3 
is ^(1)5^(1). D 

We can now give a generalisation of [TTf Theorem 4.7]. 

Theorem 6.2. Suppose that (3 is an extendible endomorphism of a C* -algebra B such 
that /3 is injective and has range /3(l)i?/3(l), and {B, (3, K) is the Exel system of Proposi- 
tion^^ Let {kMi ks) be the universal representation of Mk in B xi^ j^N := 0{Kp, Mk), 
and let V be the isometry in M{0{Kp, Mk)) such that kM{q{b)) = kB{b)V (as given by 
Theorem \3.1\} . Then [ks, V) is a Stacey-covariant representation of {B, (3), and ks xV 
is an isomorphism of the Stacey crossed product B XjjN onto B X/3,a' N. 



The proof of Theorem 16.21 uses a simple lemma which we will need again. 

Lemma 6.3. Suppose that {B, /3, K) are as in Proposition \ii.l[ Then for every b,c e B, 
we have Qci(b),q{c) = (p{bf3{l)c*). 

Proof. We take d E B and compute: 

(6.1) e,ibUicMd)) = qib) ■ {q{c) , q{d)) = q{b^{K{c*d))) = g(6^(l)(c*rfMl)). 

A direct calculation shows that \\q{b/3{l)aP{l)) — q{b/3{l)a)\\ = for all a E B, so (16.11) 
gives 

Q,ibUicMd)) = g(6^(l)(c*rf)) = 0(6^(l)c*)(g(rf)). D 



Proof of Theorem \6.2[ We choose an approximate identity {6^} for B, and then 
Lemma 16.31 implies that Qq{i3{b)),q{ex) converges in norm in C{Mk) to (f){f3{b)). This 
implies, first, that f3{b) belongs to Kjs := Bf3{B)B fl 0~^(/C(M/^)), and, second, that 

(6.2) {kM, A;B)('H0.(/3W),.(e.)) ^ (kM, kBf'\(t>{m)) = ksim)- 
But 

{kM,kB)^'\Qqim)Me>.)) = kM{q{m))kM{q{ex)r = kB{m)yy*kB{ex), 
and ks is nondegenerate by [HI Corollary 3.5], so 

(6.3) {kM.kBf^\Qq(,mU{e,)) -^ kB{f3{b))VV* = VkB{b)V*. 
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Together, fl6.2p and fl6.3p imply that kB^Pip)) = VkB{b)V*, which is Stacey covariance. 

The induced homomorphism ks x V : B x 13 N -^ 0{Kj3,Mk) is equivariant for the 
dual action /3 and the gauge action 7. By Proposition 16.11 the transfer operator K is 
almost faithful on Kp, and so Theorem 4.3 of [TT] implies that ks '■ B ^ 0{Ki3,Mx) 
is injective. Thus the dual-invariant uniqueness theorem (Proposition 12. ip implies that 
ks X V is injective, and since its range contains all the generators ksiB) U kB{B)V = 
ksiB) U kM{q{B)), it is an isomorphism. 

Finally, recall that we are identifying OlKp, Mk) with B Xp^K N using [HI Theo- 
rem 4.1] (see Remark 14.21) . D 

Theorem 16.21 applies to the endomorphism a' of Theorem 13.11 and hence to the endo- 
morphism /3 of Corollary 14.11 Together, Theorem 16.21 and Corollary 14.11 give an alter- 
native description of every Exel crossed product as an Exel crossed product of a larger 
algebra: 

Corollary 6.4. Suppose that [A^a^L) is an Exel system. Let jH he the endomorphism 
of B := [A xia,L N)"" described in Corollary \4:.1\ and let K he the transfer operator for 
{B,P) described in Proposition \Q.1[ Let V be the isometry in M{B X/3,x N) such that 
^Mk(Q'(^)) = kB{b)V for b E B. Then there is an isomorphism T of A >ia,L N onto 
B Xp.K N such that T o kA = ks o kA and T{t) = V . 

Proof. We let Ti : i? X/3 N -> A >ia,L N be the isomorphism of Corollarv l4.1[ let T2 : 
B XjsN ^ B Xp^K N be the isomorphism of Theorem 16.21 and then T = T2 o T^^ has 
the required properties. D 

The Stacey system (Coo, /9) appearing in Theorem 15.31 also involves a corner endomor- 
phism, and we can apply Theorem 16.21 to this system. We show below that the ideal Kf^ 
in Coo is 0~^(/C(Mi^)), and hence the relative Cuntz-Pimsner algebra 0{Kp., Mk) is the 
Cuntz-Pimsner algebra 0{Mk)- For the proof we need the following general lemma. 

Lemma 6.5. Suppose that {B,f3,K) is the Exel system described in Proposition \ti.l[ 
Then 



(a) IC{Mk) = (f){B^{B)B), and 

(b) B/3{B)Br]keT(f) = {0}. 

If the ideal BI3{B)B is essential in B, then is injective and 

Kp = BP{B)B = r\nMK)). 



Proof. The equality in (a) follows from Lemma W?^ and the identity Bl3(B)B = Bl3{l)B 
from Proposition 16.11 For (b), we let b E B, and then 

0(6) = ^^ q{bc) = 0(6) (g(c)) = for all c G B 

^^ K{c*b*bc) = for all c G 5 

^^ ^(l)(c*6*6c)^(l) = for all c G 5 

^^ 6c^(l) = for all c G 5 

^^ b{B'P{l)B) = {0}; 
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since the intersection of two ideals I and J is spanjij : i ^ I, j & J}, this imphes (b). If 
Bf3{B)B is essential, then it must meet every non-zero ideal non-trivially, so (b) implies 
that ker0 = {0}. Now applying 0"^ to both sides of (a) gives the last assertion. D 

Proposition 6.6. Suppose that {A, a, L) is an Exel system such that L is almost faithful 
on 0~"^(/C(Ml)). Let (Coo,/3) he the Stacey system constructed in Theorem \5.3\ and let 
K : b \-^ /3^^(/3(l)6/3(l)) be the transfer operator for (Coo,/3) from Proposition \6.1[ 



'CO • 



(a) The ideal J := CooP{Coo)Coo is essential in Co 

(b) Kp = J = <P-\1C{Mk)). 

(c) Let V be the isometry in M{0{Mk)) such that kMiqic)) = kc^{c)V for c G Coo- 
Then {kc^,V) is a Stacey -covariant representation of (Coo,/3) in 0{Mk), and 
^Coo xV is an isomorphism of the Stacey crossed product C^o X/3N onto the Exel 
crossed product C^o >^i3,k N = 0{Mk)- 

Proof. Once we have established ^, (jbj) will follow from Lemma [6.51 and then (jcj) will 
follow from Theorem 16. 2[ 

To prove (jaj), we first need to get our hands on some elements of the ideal J. Recall 
that the system (Coo,/3) is pulled back from ((^(Mi)''', a') along the isomorphism k 
described in (15.21) . The elements V^V*^ = V'^V*^VV* with i > 1 belong to the ideal in 
0{Ml)^ generated by VV* = a'{l) = k(/3(1)), and hence so do all elements of the form 

^M ((9(«i) ®A ■ ■ ■ ®A q{ai))k^{q{bi) ®a---®a qipi))* 

= kA{aMa2)a\a^) ■ ■ ■ a'~\ai))V'V*'kA{bMb2)a\b3) ■ ■■a'~\k)y 

(see the calculation in fl4.ip ). For m = g(ai)®^- ■ -^Alicii) and n = q{bi)®A- ■ ■®aQ'(^j) 
we have kf}{m)kf}{n)* = K(i*(0m,n))- So i*(0m,n) belongs to the ideal in C^c generated 
by /3(1), which is precisely J. Thus t*(/C(Mf*)) C J for every i > 1. 

An ideal J is essential if it has nonzero intersection with every nonzero ideal. We 
suppose that / is an ideal in Coo such that IJ = I n J = {0}, and aim to show that 
/ = {0}. Since Coo = Ui^i''*(^«)' ^^ know from [21 Lemma L3], for example, that 
/ = Ui^i '-H^j) ^ ^- So it suffices to prove that t*(Cj) fl J = {0} for every i > 1. Suppose 
that T G /C(M®*) for some i > 1 and that i^{T) belongs to /. Then the assumption 
IJ = {0} and the inclusion in the previous paragraph imply that 

(6.4) i'{TS) = l'{T)l\S) = for every S G /C(Mf ). 

Since £(Mf *) is the multiplier algebra of )C{Mf^) (see [l5l Corollary 2.54], for example), 
}C{Mf') is essential in C{Mf), and ([62D implies that T = 0. Thus L^d) D I = {0}, 
as required, and J is essential in Coo- As indicated at the beginning, this completes the 
proof of the proposition. D 



Remark 6.7. When we combine Proposition 16.61 with Theorem 15.31 we obtain an iso- 
morphism of 0{Ml) onto 0{Mk) = Coo X/3,x N. So even though 0{Ml) need not be 
the Exel crossed product of the orginal system {A,a,L), it can still be realised as an 
Exel crossed product. 
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7. The example of Ionescu and Muhly 

We now discuss the example of [251 Theorems 3.3 and 3.4] and [151 Proposition 3.3] 
which motivated this paper. Let a be a surjective local homeomorphism of a compact 
Hausdorff space X. The Deaconu- Renault groupoid (named after its use in [H] and a 
special case in [l6l page 138]) is 

G := {{x,n,y) e X X Z X X : a^{x) = a\y) for some A;, / G N with n = k - 1} 

with unit space G^^^ = X, source and range maps s{{x,n,y)) = y, r{{x,n,y)) = x, 
product {x,n, z){z,k,y) = {x,n + k,y), and inverse {x,n,y)~^ = {y,—n,x). Suppose 
that U, V are open subsets of X, and k, I are natural numbers such that a'^lu and a^\v 
are homeomorphisms with a^{U) = cr''{V), and set 

Z{U, V,kJ) = {{x,k - l,y) e G : X e U,y e V}. 

It is shown in [201 §3] that the sets Z{U, V, k, I) are a basis for a locally compact Hausdorff 
topology on G, and that G is then an r-discrete groupoid for which the counting measures 
form a Haar system. Since X = G^°^ is open in G, C{X) = G{G^^^) embeds isometrically 
in G*{G). 

As in [25], the function S G Gc{G) defined by 



1 



if /c = 1 and y = cr(x) 



(7.1) S{x,k,y) = \ Vl--M-{-))l 

[O otherwise, 

is an isometry in G*{G). The discussion on page 110 of [IB] show that there is an 
action 7' : T — )■ Aut G*{G) such that 'j'^{f){x,k,y) = z''f{x,k,y). The following is a 
restatement of [251 Theorem 3.3]. 

Theorem 7.1. (Deaconu, lonescu-Muhly) Let a be the endomorphism f ^-^ f o c of 
C{X), and let L be the transfer operator for {C{X),a) defined by 

Let L be the identification of G{X) with the isometric embedding of CiG^^"^) in G*{G) 
and S the isometry of (17.11) . and define ip : M^ -> G*{G) by 'ipif) = t'{f)S. Then {ip, l) 
is a Cuntz-Pimsner covariant representation of M^, and ip x l is a 7^' equivariant 
isomorphism of 0{Ml) onto G*{G). 

For n,m eN, set Rnn ■= {{x,0,y) G G : (t"(x) = cr"(?/)} and i?oo := UnsN-^"' which 
is an open and closed subgroupoid of G. Define c : G — )■ Z by c{x, n, y) = n, and 
note that c is a continuous homomorphism such that i?oo = c~^(0). We can therefore 
deduce from f2E[ Theorem 6.2], for example, that the inclusion map induces an isometric 
embedding of G*{Roo) into C*{G). We can now restate [251 Theorem 3.4] as follows: 

Theorem 7.2. (Ionescu- Muhly) The inclusion i : Gc{Roo) — > Cc{G) C C*{G) extends to 
an isomorphism i ofG*{Roo) onto the fixed-point algebra G*{G)'^ . Let S be the isometry 
in dZH). Then {G* {R^) , M S , kd S*) is an Exel system. Define p : G^iRoo) ^ C*{G) 
by p{h) = i{h)S. Then {p,i) extends to a Cuntz-Pimsner covariant representation of 
MAdS", o.nd p X i is an isomorphism of 0{M Ad s*) onto G*{G). 
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Together Theorems 17.11 and 17.21 give an isomorphism of 0{Ml) onto 0{Mxds*)- We 
can now recover this isomorphism from our results and Theorem 17.11 

Corollary 7.3. Let j he the inclusion of C{X) = C{Roo) in C*{Roo). Then there is an 
isomorphism T of C{X) x^,l N = 0{Ml) onto C*(i?^) XAd5,Ad5* ^ = 0{MAds*) such 
that T o kc{x) = kc-{R^) o j and T o kM^ = ku^^s* ° 3- 

Proof. We first claim that C{X) acts on the left of Mi by compact operators. To see 
this, choose a finite open covering {f/j} of X such that a is a homeomorphism on each Ui, 
let {gi] be a partition of unity subordinate to {f/j}, and set rii{x) = ^^/\a^^{a{x))\gi(x). 
Then [2T1 Proposition 8.2] implies that 0(/) = J2i^f-Vi,Vi ^°^ / ^ ^(^)) ^^^ hence 
0(/) is compact, as claimed. Since a is unital, Ka = 0^^(/C(Ml)), and C{X) y<\a,L ^ = 
0{Ka, Ml) coincides with 0{Ml). 

Since the isomorphism ip x l oi Theorem 17.11 is 7-7' equivariant we can pull the 
endomorphism a' of 0{Ml)^ from Theorem 13.11 over to an endomorphism r of C*{Roo) 
by setting ior := {ip x l) o a' o (^ip x l)~^ . Let K be the transfer operator of {C*{Roo), t) 
defined by K{h) = r~^(r(l)6r(l)). Then Corollary 16.41 says there is an isomorphism 
T of C{X) Xo,,L N = 0{Ml) onto C*(i?oo) >^t,k N with the stated properties. Since 
L is faithful. Proposition I6.6[|b|) implies that K^ = 0"^(/C(Mft-)), which implies that 

Finally, we need to check that (r, K) coincides with the Exel system of [251 The- 
orem 3.4]. By the formula (3) at the top of page 197 of [25] we need to check that 
{t,K) = (Ads', Ad 5**). For this, recall from Theorem 13.11 that a' is (Ady)| where 
V = kpiA^)'^ since l x i'{V) = tp^l) = l{1)S = S it follows that r is Ad 5. Now 
K{b) = T-\SS*bSS*) = S*bS, that is, K is Ad 5*. Thus Mk = Maas* as required. D 

Proposition 16.61 now implies that C* {G) is isomorphic to the Stacey crossed product 
C*{Roo) XAds N, as also noticed by Anantharaman-Delaroche |3l §1.3.4] and Deaconu 
[H page 1782]. 

8. K-THEORY 

Let {A, a, L) be an Exel system such that L is almost faithful on </)^^(/C(M2,)). Recall 
from Theorem 15. 3l that the core 0{Ml)^ is isomorphic to a direct limit Coo '■= \^{Ci, (pi) 
and that there is an endomorphism /3 of Coo such that the Stacey crossed product 
Coo x^ N is isomorphic to 0{Ml). In this section we establish a 6-term cyclic exact 
sequence of K-groups of Coo and 0{Ml)- For this we need to know that the range of /3 
is a full corner in Coo, and we show this with the following more general lemma. 

Lemma 8.1. Suppose that {A,a,L) is an Exel system such that L is almost faithful 
on 0"^(/C(M/,)). Let (Coo,/3) be the Stacey system constructed in Theorem \5.'d\ and let 
K : b \-^ /9~"'^(/3(l)6/3(l)) be the transfer operator for {C^,P) from Proposition 16.11 
Defin^ 

h := (/C(Mi) ®A l.-i) + ■ ■ ■ + /C(Mf ). 



This contradicts the claim on page 201 of [35] that C* {Roo)t{C* {Roo))C* {Roo) is a proper ideaL 
It's not clear whether there is much point in doing this lemma in this generality. In the application 

to Theorem 18.21 we are assuming that (p C JC{Ml) and that A ia unital. But under these hypotheses, 

]C{Ml') = L{Mf') is unital, and so is Coo- 
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Then Li is an ideal in Ci, lim/j is naturally isomorphic to an ideal I^ := U^^ '■^(-^•j) ^'^ 
Coo, o-nd this ideal is precisely J = Coo /?( Coo) Coo- Moreover, the following are equivalent: 

(a) A acts by compact operators on M^; 

(b) Coo o,cts by compact operators on M^; 

(c) J = C-oo/ 

(d) the range of 13 is a full corner in Coo- 

Proof. Recall that (Coo, '■*) = IhsICj, (pi) where (pi : Ci ^ Cj+i is (f)i{T) = T 0^ Ij. 

An induction argument shows that each Jj is the sum of a C*-subalgebra /j_i (8>a 1 and 
the ideal /C(Mf ^) of C{Mf), hence is a C*-algebra. For fixed i > 1, and for < j < z 
and 1 < I < i, the product 

(/C(Mf)®l,„,)(/C(Mf)®l,_z) 

of typical summands of Cj and li is back in Jj, whence Jj is an ideal in Cj. Thus 
-^oo := Ui^i '-^i.^i) is an ideal in Coo = Ui^i '^^{Ci). The maps i* induce an isomorphism 
of lim/j onto /oo- 

Next observe that, since /3 maps L'{IC{Mf)) into i*+i(/C(Mf ^*+^^)) (see (E3])), the 
range of /3 is contained in Joo, and hence J C loo- But we showed in the proof above 
that i*(/C(M®*)) is contained in J for every i > 1, and hence so is 

L\h) = l'{{1C{Ml) ®a l.-i + ■ ■ ■ + /C(Mf )) = i\lC{ML)) + ■■■ + L\K{Mf')). 

Thus Joo C J, and we have proved Joo = J- 

Since 0o ^ Co — t- Ci is the map 0^ : A — )• C{Ml), and since i"^ o 0o = i", i° : A — )• 

Coo maps 0^^(/C(Ml)) into i\JC{ML)) C Joo- Also, T ®a h G /C(Aff ^*+^^) implies 
T e /C(Ml) by [231 Lemma 4.5], so 0^^(/C(Ml)) = (t°)-i(/oo). Thus i° induces an 
injection of A/(J)^^{]C{Ml)) into Coo/loo- Since every element of i*(Cj) has the form 
i^{a) + i*(c) for some a & A and c & li, l has dense range, and must be surjective. Thus 
i is an isomorphism of A/0^^(/C(M2,)) onto Coo/loo- From above, Joo = J, and from 
Proposition 16.6^ J = (/)~^(/C(M/^)). So the existence of this isomorphism implies that 
Coo acts by compact operators on M^ if and only if A acts by compact operators on 
Ml. This gives the equivalence of (jaj) and (jbj). The equivalence of (jb]) and (jcj) follows 
from Lemma [631 The range of (3 is /3(l)Coo/3(l) by Theorem I5.3[ and Coo/3(l)Coo = J 
by Proposition 16. 1[ so (icj) and ([d]) are equivalent. D 

Proposition 8.2. Let {A, a, L) be an Exel system with A unital. Also suppose that A 
acts by compact operators on M^ and that L is almost faithful on (f)^^{}C{ML))=A. Let 
{Coot (3) ^G thc Staccy system constructed in Theorem \5.3\ and let K : b i— )■ (3~^{(3{l)bf3{l)^ 
be the transfer operator for (Coo,/3) from Proposition 16. 1[ Assume that Coo is unital, 
and let k = kc^ : Coo -^ 0{Mk) be the canonical map. Then there exists a cyclic exact 
sequence 

(8.1) MCoo) -^^-^ KoiCoo) ^^ Ko{0{Mk)) 

(5i 5o 

Kr{0{MK)) -^ i^i(Coo) -^^^ KiiC 
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Proof. By assumption A acts by compact operators on M^, and hence the range of (3 
is a full corner in Cqo by Lemma l8.ll Hence Theorem 4.1 of [12] applies, and, using 
the isomorphism kc^ x V^ of the Stacey crossed product Coo X/3 N onto 0{Mk) from 
Proposition 16. 6^ gives fIS.ip . D 



It may seem at first glance that Proposition 18.21 has a lot of hypotheses. But these 
hypotheses hold in many situations, and in particular when we start with the system 
{C{X), a, L) associated to a local homeomorphism a : X ^ X (see ^. There 0{Mk) 
is isomorphic to the C*-algebra of the Deaconu- Renault groupoid G and Coo is isomor- 
phic to the C*-algebra C*(i?oo) of a subgroupoid. Thus Proposition 18.21 includes [TU 
Theorem 2] and [TBI Proposition 9.1]. 

9. Graph algebras as crossed products 

Let E = {E^,E^,r,s) be a locally finite directed graph with no sources or sinks. 
We use the conventions of [Hj. Briefly, we think of E^ as vertices, E^ as edges, and 
r,s : E^ ^ E'^ as describing the range and source of an edge. Locally finite means 
that E is both row- finite and column- finite, so that both r~^{v) and s~^{v) are finite 
for every v ^ E^. We write E* for the set of finite paths /i = /ii . . . /i„ satisfying 
s(/Xj) = r(yUj+i) for 1 < ? < n — 1, and |/i| for the length n of this path. Similarly, 
we write E^ for the set of paths of length n and E°° for the set of infinite paths 
V = ViV^ ■ ■ ■ ■ We equip the path space E'^ with the product topology inherited from 
nj^j^-E^, which is locally compact and Hausdorff and has a basis consisting of the cylinder 
sets Z{ii) := {q G E°° : r]i = fii ior 1 < i < \fi\} parametrised by /i G E*. 

Now consider the backward shift a on E°° defined by o" (771772 . . . ) = 772^3 • • • • Since 
E has no sinks, a is surjective. Since E is column- finite, a is a local homeomorphism 
which is proper in the sense that inverse images of compact sets are compact (see [HI 
§2.2]). Since a is proper, a : f ^-^ f o a is a nondegenerate endomorphism of Co{E°°)] 
since E is column- finite, cr~^(?7) is finite, and 

defines a transfer operator L : Cq{E'^) — t- Cq{E°°) for a by [TU Lemma 2.2]. Moreover, 
L extends suitably to M{Co{E°°)) so that {Co{E°°), a, L) is an Exel system of the sort 
we've been considering. By [TU Corollary 4.2], using a partition of unity argument 
similar to the one sketched in Corollary 17. 3^ the action of Co{E°°) on M^ is by compact 
operators. Hence Co{E°^) Xc,,l N := 0(A'^,Ml) = 0{Ml). 

A Cuntz-Krieger iJ-family in a C*-algebra B consists of a set {P^, : v G E^} of 
mutually orthogonal projections and a family {Tg : e G -E^} of partial isometries such 
that T*Te = Ps{e) for all e e E^ and P^ = 'Erie)=vTeT* for all v e E'^. The C*-algebra 
C* (E) of E is the C*-algebra universal for Cuntz-Krieger ii^- families; we write {t, p} for 
the universal Cuntz-Krieger E'-family that generates C*{E). See [H] for more details. 

For e G E'^, we define rrie := \s~^ {s{e))\^^'^ q{xz{e)) ■ Since E is locally finite with no 
sources or sinks, we know from [11], Theorem 5.1] that 

Te := kM{me) = \s~^{s{e))\^^^kM{q{xz{e))) and Py := kA{xz{v)) 
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form a Cuntz-Krieger E'-family in 0{Ml), and that ttt^p : t^, ^ T^ and p^ H- P^ is an 
isomorphism of the graph algebra C*{E) onto Co{E°°) Xq,_lN = 0{Ml). Note that vr^p 
is equivariant for the gauge actions. Pulhng over the endomorphism a' of Theorem 13.11 
gives an endomorphism /3 = vr^p o a' o tit^p of the core 

C*{Ey = span |t^t* : fi,^ E E* satisfy |/i| = \i^\}. 

We are going to compute /3. 

Let yU = /ii . . . yUj be a finite path and m^ := m^^ ®a ■ ■ ■ ®a iTT-m- Then 

T^ = T^,T^2 ■ ■ ■ T^. = kM{m^^)kM{m^^) ■ ■ ■ kuim^^) = kf}{m^). 

To compute /3 we first note that m^ = Xz{r(p)) ■ f^^i and 

So for paths /i and z/ of length i we have 
vrT,p(/3(V:)) = o.\TX) = a'{kf}{m,)kf}{m,r) 
= Oi'{kf}{xzirip)) ■ m^)kf}{xziriu)) ■ m^y) 
= A;f;+^(g(a(xz{r(M))) ® m^)A;f;+^(g(a(xz(r(.))) ® m,)* (using (O) 

s(e)=r(/i), s{f)=r{u) 
s(e)=r{^), s(/)=r(i/) 

Now recall that a' is conjugation by an isometry V = MraxkMiqiex)), where {ex} is 
is any approximate identity of Co{E°°). A quick calculation with, for example, the 
approximate identity {ep = X]eGF^-^(e)} indexed by finite subsets F of E^, shows that 
W := TiT^piV) = Eeesi \s~\s{e))\^^/^U So Theorem gives: 

Proposition 9.1. Suppose that E is a locally-finite directed graph with no sources or 
sinks, and {te,Pv} is the universal Cuntz-Krieger E -family which generates C*{E). Then 
there is an endomorphism /3 of the core C*{Ey such that 

(9.1) (3{t,t:) = E {\s-\r{f,))\ \s-\r{u))\)-'/\,t%. 

s{e)=r{fj,), s{f)=r{u) 

The series 

E \s-\s{e))r/\ 

converges strictly in M{C*[E)) to an isometry W satisfying ^{t^tl) = Wt^tlW*. If l 
is the inclusion of the core C*{Ey in C*{E), then the associated representation lxW 
of the Stacey crossed product C*{Ey XjsN is an isomorphism onto C*{E). 

Remark 9.2. Suppose that E is the bouquet of n loops on a single vertex, so that C*{E) 
is the Cuntz algebra On- Then the endomorphism /3 is not the usual endomorphism 
a : (8)^=1 Ofc ^ en ® ((8)r=2«fc-i) of the UHF core OZ = (8)^=1 ^n(C) for which 
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On = C^ Xq N, but it is closely related: ii p = Yl^j=i^~^^ijy then p is also a rank-one 
projection, and (3 ( <S)T=i "fc) = P ® ( 'S)T=2 '^fc-i) • 

Although we found the endomorphism /3 using our general construction, and were 
surprised to find it, we have now learned that other authors have shown that Cuntz- 
Krieger algebras can be realised as a Stacey crossed product by an endomorphism of the 
core, for example, ^7\ Example 2.5] and [28] (see Remark 19.41 below) . Now that we have 
found our /3 we should be able to prove Proposition 19. ll directly. Before doing this we will 
revisit the need for the hypotheses on the graph E: that E is row finite with no sources 
ensured that the path space E°° is locally compact, but a direct proof should not go 
through Co{E°°). Our formula for /3 only makes sense when E is column-finite and has 
no sinks: the coefficients in ( 19.1 p are crucial, as we will see in the proof of the next result. 
It seems likely that column-finiteness is necessary. There is no obvious way to adjust for 
sinks, either: if we try to interpret empty sums as 0, then /3(t^t*) would be if either // 
or 1/ ends at a sink, but this property is not preserved by multiplication. (If u ends at 
a sink but /i doesn't, then we'd have /3(t^tl) = but f3{(tf,tl)(t^t*^)) = (5{t^t*^) ^ 0.) So 
the best we can do is the following. 

Theorem 9.3. Suppose that E is a column-finite directed graph with no sinks, and 
{te-,Pv} is the universal Cuntz-Krieger E -family which generates C*{E). Then there is 
an endomorphism (5 of the core C*{E)'^ such that 

(9.2) /3(v:) = Y. {\-'^-MM \s-\r{mr"\,t%- 

s{e)=r{p), s{f)=r{u) 

The series 

Y: \s-\s{e))\-y\ 

converges strictly in M{C*{E)) to an isometry W satisfying f3{tf^tl) = Wt^tl,W* . If l 
is the inclusion of the core C*{E)^ in C*{E), then the associated representation l x W 
of the Stacey crossed product C*{E)^ Xj^N is an isomorphism onto C*{E). 

Proof. For each v G E^, {t^t* : \fi\ = |z/| = i, s{fi) = s(i^) = v} is a set of matrix units 
for J^i{v) (see [6], page 312]). We claim their images e^,y under (3 in J^j+i(i;), defined by 
the right-hand side of (19. 2p . are also matrix units. The product e^^yCi^^x contains terms 
like tefj,t*f^,tgK.t^)^, which is zero unless f = g and u = n. Since we then have r(z/) = r{K), 
the two central terms in the coefficient are the same, and 

E \s-\r{f,))\-'/'\s~\r{u))ns-\r{X)r'/%,tl,. 

s(e)=r-(M), s{f)=r{u), ^(h.)=r-(A) 

For fixed e and h, there are |s~^(r(i^))| edges / with s{f) = r(z/), and for each of these 
the summand is exactly the same. So 

s{e)=r(fi), s(h)=r(\) 

(Notice that the coefficients in the definition of e^^i/ had to be just right for this to work.) 
Thus {e^,i/} is a set of matrix units as claimed, and there is a well-defined homomorphism 
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(3i : J-i(f) — !■ J-i+i(f) satisfying (19. 2p (well, with f3 replaced by /3j). These combine to 
give a homomorphism /3i of J'i = ®^,J^i{v) into J^+i = ®.^J^i+i{v). 

To define /3 on Cj := J-q + -Fi + ■ ■ ■ + J-i, we take the z-expansion c = X^'^g^i 
described in Proposition lA. 1( b). and define /3*(c) = J2]=o f^ji^j)- '^^^ uniqueness of the 
i-expansion implies that this gives a well-defined function /3* on each Ci] to check that 
they give a well-defined function on IJi^o^*' ^^ need to check that /3*(c) = /3*"'"^(c) for 
c e Cj C Cj+i. Suppose that c E Ci has i-expansion c = J2]=o^J- Then the (z + 1)- 
expansion is c = (^jCgCj) + c'j + d, where c'j G £^i and c? G J-i fl J-i+i are uniquely 
determined by Ci = c[ + d. Lemma lA.21 implies that if t^t* belongs to J^i fl J-i+i, then 
V := s(/i) = s^u) satisfies < |r"^(t')| < oo, and two applications of the Cuntz-Krieger 
relation at v show that 



A+i(^mO - A+i(^ 2_^ t/J-gKgJ 



r{g)=v 



E 



l^.A,^M^-l/2, 



{\s-\ri^^))\\s-\riu))\)-''\,,t%^ 



r{g)=v, s{e)=riiig), s(f)=r(vg) 

E {\^^MM\s-\r{v))\)-''\,t% 

s{e)=r{fi), s(f)=r(u) 

Thus A(c:) + A+i(t/) = A(c:) + A(t/) = A(q). Thus 

i-l j-1 

i=o i=o 

At this stage we have a well-defined map /3 : IJi^o^* ~^ C*{E)"' satisfying (19.21) . This 
map is certainly linear, and we need to prove that it is multiplicative. We consider 
t^i* G Fi and tj.*^ G J-'j, and we may as well suppose i < j. Then multiplying together 
the two formulas for [i^{t^t*^) and I3^{tj,*y) gives a linear combination of things like 
teiJ,t*fu^gKt*h\- Because i < j, this product is unless gn = fun', and then it is te^i^d^y 
So the sum collapses just as it did in the first paragraph, and we obtain the formula for 

Thus /5 is multiplicative. Since it is clearly ^-preserving, it is a *-homomorphism, and as 
such is automatically norm-decreasing on each C,. Thus /3 extends to an endomorphism, 
also called (3, of CCT^ = C*{Ey. 

Next, note that for each v G -E°, the partial isometries {te '■ s{e) = v} have the 
same initial projection p^, and mutually orthogonal range projections tgt*, sqj T„ : = 
'^s(e)=v l"5~^('^)|^^^^^e is a partial isometry with initial projection p^ and range projection 
'^s(e)=v=s(f) \^~^{v)\~Het*jr. Now the partial isometries {T„ : v G E^} have mutually 
orthogonal initial projections and mutually orthogonal range projections, and hence 
their sum converges strictly to a partial isometry W with initial projection Xl^e-BO Pv = 
1m(c*(£;))- In other words, W is an isometry. 



It is important here that there are only finitely many summands, so column-finiteness is crucial. 
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The covariance relation /3(t^t*) = Wt^tlW* is easy to check, and the universal prop- 
erty of the Stacey crossed product {C*{Ey Xp N,ic*(Ep,v) gives a homomorphism 
LxW such that {i x W)oi(j,(^^^^ = l and (t x W){v) = W. This homomorphism satisfies 

{l X W) o Pz = 72 o ('- X W), and since l is faithful (being an inclusion), the dual-invariant 
uniqueness theorem (Proposition l2.ip implies that lxW is injective. The range contains 
each te = \s~^{s{e))\^^'^L{tetl)W, and hence i x W is surjective. D 

Remark 9.4. When the graph E is finite and has no sinks, the endomorphism /3 has 
also been found by Kwasniewski [28]. He proves in [281 Theorem 3.2] that C*{E) is 
isomorphic to a partial-isometric crossed product C*{Ey x^ Z as introduced in [1]. 
He then applies general results about partial-isometric crossed products from [1] and 
[28l §1] to {C*{Ey,P), and recovers many of the main structure theorems for graph 
C*-algebras, as they apply to finite graphs with no sinks [2S1 §3]. For such graphs E, 
the endomorphism /3 is conjugation by an isometry in C*{E), and Theorem 4.15 of [1] 
implies that C* {E)"' x /^Tj is isomorphic to the Exel crossed product C*{Ey Xf^^^N. Since 
/3 is injective, we can then deduce from [T71 Theorem 4.7] that C*{E) is isomorphic to 
the Stacey crossed product, as in Theorem 19.31 

Appendix A. The core in a graph algebra 

Suppose that E is an arbitrary directed graph, which could have infinite receivers, 
infinite emitters, sources and/or sinks. In Theorem 19.31 we wanted a description of the 
core C*{E)"' which did not depend on row finiteness, and since we cannot recall seeing a 
suitable description in the literature, we give one here. As in the row-finite case, which 
is done in [B] and [H], our description uses the subspaces 

J^i := spanjt^t* : |/i| = |i/| = i, s{^) = s(z/)}, 

which one can easily check are in fact C*-subalgebras. (By convention, J-'q = span{j>„ : 

V e ^°}.) 

We refer to vertices which are either infinite receivers or sources as "singular vertices" . 
Recall that no Cuntz-Krieger relation is imposed at a singular vertex v, but if v is an 
infinite emitter then we impose the inequality p^ > XleeF ^eK ^^ every finite subset E 
of r~^{v). 

Proposition A.l. Let E be a directed graph, and define J^i as above. 

(a) For i >0, Ci := J^o + J^i-\ h Ji is a C* -subalgebra of C*{E)"< , Ci C Cj+i and 

(b) For each z > and each c E Ci, there are unique elements 

Cj G Sj := spanjt^t* : |/i| = \iy\ = j and s(/i) = s{iy) is singular} 

for < j < i and Ci G J-^ such that c = J2]=o ^i • 

Since Ci C Cj for z < j, an element of C, has lots of the expansions described in (b). 
We refer to the one obtained by viewing c as an element of Cj as the j -expansion of c. 

Proof of Proposition lA.l( a) . Since IJ^ Q is a vector space containing every element of 
the form t^t* with |/i| = \u\, it is dense in C*{E)^ , and we trivially have Ci C Cj+i. We 
prove that Ci is a C*-subalgebra by induction on i. For i = 0, it's straightforward to see 
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that Cq = J-q is a C*-subalgebra. Suppose that Cj is a C*-subalgebra. If \ti\ = \\\ = i + 1 
and |yu| = {i^l < i + 1, then the formula 

, ^, , ^, I unless k has the form vk' 

shows that J-^+i is an ideal in the C*-subalgebra C*(Cj+i) of C*{Ey generated by Cj+i. 
Since Ci is a C*-subalgebra of C*(Ci+i), the sum Q+i = Cj+J-i+i is also a C*-subalgebra 
(and in fact C*(Cj+i) = Cj + J'j+i = Cj+i). D 

For part (b), we need to do some preparation. The standard argument of P, §2] or 
[m Chapter 3] shows that, for fixed i and w G -E", 

{tf,tl : |/i| = |z/| = z, s(yu) = s(z/) = i;} 

is a set of non-zero matrix units, and hence their closed span J^i{v) is a C*-subalgebra 
of J^i isomorphic to 1C{1'^{E^ fl s~^{v))). Since Fi{v)J^i{w) = {0} for v ^ w, Fi is the 
C*-algebraic direct sum 0^g£;o J^i{v). For j satisfying < j < z, we set 

Dj,i ■■= J^j -\ h Ji = sp[n{t^t* : j < |/i| = |i/| < i, s{fi) = s{u)}, 

which is another C*-subalgebra by the argument in the previous proof. It is an ideal in 
Ci. Now we prove a lemma. 

Lemma A. 2. For every i > 1 and every j < i, we have 

I if V is a singular vertex 

:F,j[v) n Dj+i^i = I -fn^i^uw^ 

Proof. The result is trivially true if J^j{v) is {0}, so we suppose it isn't. Since J^j{v) fl 
Dj+i^i is an ideal in J^j{v), it is either {0} or J^jiv). First suppose that v is not a singular 
vertex. Then the Cuntz-Krieger relation at v implies that J^j{v) C Dj^i^i, and hence 
J'j{v) nDj+i^i = J'j{v). 

Now suppose that J^j{v) HDj^i^i = J^j{v); we will show that v is not singular. Choose 
jj, €£'■' with s(/i) = V. Then t^t* is a non-zero element of element of Dj_^_ii, so there exist 
K and A satisfying j + l<|/«| = |A|<z and {tfj,t*^){tK,t\) ^ 0. But this implies that k has 
the form /x/t', and v = s(/i) cannot be a source. It also implies that t^t*^tj^*^ is non-zero, 
and hence so is the larger projection t^^^t^Kj+i^^K +i- Thus J^j{v) fl J-'^+i ^ {0}, and 
since J^j{v) fl J^j+i is an ideal in J^j{v), it follows that J^j{v) fl J^j+i = J^j{v). 

We now know that the projection t^t* belongs to J^j+i, and hence is a projection in a 
C*-algebraic direct sum ©^g£;o ^j+i(w^)- The norms of elements in this direct sum are 
arbitrarily small off finite subsets of E^, and projections have norm or 1, so there are 
a finite subset F of E^ and projections g^ G J^j+i{w) such that t^t* = J2weF^w- Each 
Qw is a projection in J^,•+l(u;) = IC{£'^{E^~^^ fl s~^{w))), and hence has finite trace. Thus 
tfj^t* has finite trace. On the other hand, for every edge e with r(e) = s{fi) = v, we have 
tfit*^ > tfj.etlie'^ since {t^e^J^e • '^l^) = ^if^)} ^^ ^ family of mutually orthogonal projections 
of trace 1, we have 

Tr(V;)> Y. MW;,) = \r-\s{f,))\ = \r-\v)\. 

r{e)=s{fj,) 
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Since we have already eliminated the possibility that f is a source, this proves that it is 
not a singular vertex, as required. D 

Proof of Proposition lA.l( b) . Lemma IA.2I implies that 

J'j n D,+i,, = ^{J'jiv) : < \r-\v)\ < oo}, 
and that J^j is the direct sum of Jv,- fl -Dj+i,i and 

Sj = ^H{J^j{v) : w is a singular vertex}. 
Since Dji = Tj + Dj+i,i, we have 

Ci = J^o + Di,i = (So + (-^0 n Z^i,,)) + D,,i = £o + Di,, 
= £"0 + {£i + (J-i n D2,^)) = ^0 + A + D2,^ 



ti 



— Cq + ■ ■ ■ C.j_i + Dii — Cq + ■ ■ ■ £i_i + J-'i 

which shows that c has the claimed expansion. 

To establish uniqueness, suppose that Cj,dj G £j for j < i, that Ci,di G J-'i, and that 
^]=oCj = ^*=o'^i- Then cq — do = J2]=iidj — Cj) belongs to SoHJ^q, because the left- 
hand side does, and to Dii, because the right-hand side does. Since J-q = £o(B{J^o^Di^i), 
we have Sq fl (J-q fl Dii) = {0}, and we deduce that Cq = do and Yl]=i^j — 'l2]=i^j- 
Now an induction argument using £j fl {Fj fl -Dj+i,i) = {0} gives the result. D 

Appendix B. A question posed by Ionescu and Muhly 

Let cr be a local homeomorphism of a compact Hausdorff space X and let G be 
the Deaconu-Renault groupoid described in §71 When Mi has an orthonormal basis 
{"^i}r=i; Ionescu and Muhly ask on page 201 of [23] if C*{G) is isomorphic to a Stacey 
multiplicity-n crossed product involving the n isometries {^^'/^('tij)}"^^. Their question 
was prompted by their Theorem 4.3. In this section we show that the answer to this 
question is negative (see Example IB. 51) . We start by generalising [25], Theorem 4.3]. 

Recall that a finite set {rrii : 1 < z < n} in a right Hilbert A-module M is a Parseval 
frame if 

n 

(B.l) m = 2, iTT'i ■ {iTT'iy ITT') A for every m G M; 

equivalently, {rrii} is a Parseval frame if and only if the finite-rank operator Yli ^mi,mi 
is the identity operator 1 G £(M). The discussion in [iQl page 5] shows that M has a 
(finite) Parseval frame exactly when M is finitely generated and projective. 

Proposition B.l. Let {A,a,L) be an Exel system with A unital. Suppose {mi}'^^^ is a 
Parseval frame for the associated right-Hilbert himodule Mi, and set Si = /c^lI"^*) /^'^ 
1 < i < n. 

(a) The set kAiA) U {si : I < i < n} generates A x^^^ N = 0{Ml), ^"^^ SiS* = 1 
and 

(B.2) s*kA{a)sj = kA{{mi , a ■ mj)L) for a E A. 
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(b) Suppose that -k is a unital representation of A on Ti, and that {Si : 1 < i < n} <Z 
BiTi) satisfies X]r=i "^i*^** ~ -'- ^'^'^ 

S*7i{a)Sj = 7r((mj , a ■ mj)^) for a & A. 

Then there is a representation vr x {Si} of A >ia,L ^ on a Hilbert space "H such 
that 71 X {Si} o A;^ = TT and n x {5'j}(sj) = Si for 1 < i < n. 

(c) If A is commutative, then a{a) ■ m = m ■ a for all a ^ A and m G Ml, and 

n 

(B.3) kA{a{a)) = '^SjJA{a)s*. 

i=i 

Proof. A straightforward calculation using the reconstruction formula fIB.ll) shows that 
for every a G A we have 

n 

(B.4) (l){a) = ^Qa.m,,m, 

i=l 

as operators on Ml; thus 0-^(/C(Ml)) = A = Ko,, and 0{Ml) = 0(i^a, Ml) = Ax^_z,N. 
We have 



1=1 i=l i=l 

= ikM„kAY'\(l)il)) = kAil) = I. 



For a G A we have 

s*ikAia)sj = kML{'mi)*kA{a)kML{'mj) = kM^'f^iYkMA^^ ■ nij) = kA{{mi , a ■ rrij) l) ■ 

This gives (jaj). 

Now suppose we have (tt, {Si}^^{) as in (jb]), and define ^|J : M^ — )■ 3(71) by 

n 
i=l 

We claim that that (^, vr) is a representation of M/, on Ti. For m,n E Ml and a G A 
we have 

n n 

ip{m ■ a) = ^ Si7i{{mi , m ■ a)/,) = ^ SiTx{(jni , m)La) = ^(??i)7r(a), 

j=l i=l 

tjj{myij{n) = ^ 7r((mi , m)L)*S*Sj7r{{mj , n)^) 

= ^ n{{mi , m)L)*7r{{mi , mj)L)TT{{mj , n)L) 






^ 7r((mi ■ (mi , m)^ , m^ ■ (m^ , n)^)^) 
7r((m, ra)^), 
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and 

n n n 

'ip{a ■ m) = N^ SiTx{{mi , a ■ m)^) = \^ Siirl (mi , a ■ /^"^j ■ {mj , m)j^ 

n n 

= ^ Si7i{{mi , a ■ mj)L{mj , m)L) = ^ SiS*7T{a)Sj7i{{mj , m)^) 

n n 

= (^ J]5i5*j(^^7r(a)5'j7r((mj-, m)L)j = 7r(a)^(m). 
i=i i=i 

Thus (z/^, vr) is a representation of Ml as claimed. We use the description of 0(a) in 
(lR4l) to compute (^,7r)(^)(0(a)): 



(z^,7r)W(0(a)) = (^,vr)«(^e,.^,,^,j = ^^^(a ■ m,)^(m, 

n n 

= ^ Tr{a)i(j{mi)^lj{mi)* = 7r(a) f ^ SiS* 



and so ('0, tt) is Cuntz-Pimsner covariant. 

The universal property of 0{Ml) gives a representation tt x ip oi A ><\ a,L ^ = 0{Ml) 
such that (tt X ■0) o /c^ = TT and 

n n 

(tt XI ^){si) = ipirrii) = ^ SjTi{{mj , mi)^) = ^ S'jS'*5'i = S'^. 

Thus TT X {5*4} := ip X TT has the required properties, and we have proved (jb]). 

For y , suppose that A is commutative. For a E A and q{b) G g(A) C M^,, we have 

(B.5) a{a) ■ q{h) = q{a{a)b) = q{ha{a)) = q{h) ■ a, 

and this extends by continuity to a(a) ■ ?7i = ?7i ■ a for ?7i G Mi. Now for a G A we have 

n n 

kA{a{a)) = ^ SiS*kA{a{a))sjS* = ^ SikA{{mi , a{a) ■ mj)LS* 



n n 



= ^ SikA{{mi , rrij ■ a)LS* = ^ SikA{{mi , mj)L)kA{a)s* 

n n 

= X] SiS*SjkAia)s* = ^SjkA{a)s*, 

and we have proved part Q . D 

Remark B.2. To recover Theorem 4.3 of [25] from Proposition lB.il consider the Exel 
system {C{X), a, L) of Theorem 17. 11 and suppose that {rrij}"^^ is an orthonormal basis 
for Ml. Then taking a = 1 in (1B.2P shows that each Sj = kM^i'mi) is an isometry, and 
Proposition IB. H flaj) says that {si}^^^ is a Cuntz family. Equation flB.3|) is property (3) of 
C*{G) in [251 Theorem 4.3]. This immediately implies property (2) in [25l Theorem 4.3] 
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(just multiply (1B.3P on the left by Sj); property (1), which concerns the operator S = 
^Mi(l)5 follows from (IB.Sp : 

kAia{a))S = kAia{a))kMM'^)) = /i;A/i("(«) ■ ?(1)) = ^a/l(?(1) ■ «) = SkA{a). 

Lemma B.3. Let X = T and a : T ^ T : z \-^ z"^ , and consider the Exel system 
(C(T),a,L) of Theorem \7.1[ Let U be a small neighbourhood of 1 in T. There is an 
orthonormal basis {mo,mi} of M^ such that mo is identically \/2 on U and nii is 
identically on U. 

Proof. A function niQ satisfying 

|mo(w)|^ + |mo(— w)P = 2 for U7 G T. 

is called a quadrature mirror filter. The conjugate mirror filter mi, defined by mi{z) = 
zmo{—z), also satisfies (jB]). It is then straightforward to check that {mQ,mi} is or- 
thonormal and that m = niQ ■ {niQ , m)L + mi ■ {nii , m)^ for all m G M^ (see, for 
example, jlQl Theorem 1]). Thus {rrao,rrai} is an orthonormal basis. If mQ{u) = -\/2 
for M G f/ then ([B]) implies that mi(-u) = umo{—u) = 0. So it suffices to construct a 
suitable mo- For this, choose a continuous function g : [— |, |] — ;■ M such that g{9) = 1 
for 9 near and (?( — f ) = g{^) = 4s, and for —n < 9 < n define 

( V2^1-g{9 + 7Ty for 9 G [-vr, -f ) 
mo(e'^) = i V2v^l - ^(^ - 7r)2 for ^ G (f , vr] D 

[V2gi9) for^G[-f,f]. 

We will use the next lemma in Example IB .51 to obtain a contradiction when we assume 
there that a particular C*{G) is a Stacey crossed product of multiplicity n. 

Lemma B.4. Let {A, a, L) be an Exel system in which A is unital and commutative, and 
Ml has an orthonormal basis {rrii}'^^^. Assume that {Om^, {Si}) := {Om^, {kM^rrii)}) is 
a Stacey crossed product of multiplicity n for (A, a). Let {ui}^^^ be another orthonormal 
basis for M^ ■ Then 

(B.6) {ui , a ■ nj)L = {rrii , a ■ m,j)L for a E A. 

Proof. Since {ui} is orthonormal, we have 

kM^iniykMLini)* = kA{{ni,ni)) = kA^lA) = lo(Mi,)- 

Thus Proposition IB. II says that {Tj := A;A/(nj)} is a Cuntz family in Om^ such that 

n 

(B.7) T*kA{a)Tj = kA{{ni , a ■ nj)^) and kA{oi{a)) = y^TikA{a)T* for a E A. 

i=\ 

Since (Cm^, {•S'j}) is by assumption a Stacey crossed product of multiplicity n, there is 
a homomorphism p : Oml ~^ ^Ml such that pokA = kA and p{Si) = Ti. Applying p to 
flB:2D implies that 

T*kA{a)Tj = kAiirrii , a ■ mj)^) for a E A, 

which in view of flB.7p gives flB.6p . D 
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Equation (IB.6P holds, for example, if a = a{b): then 

{rii, a- nj)L = {rn , rij ■ h)L = {rn , nj)^^ = (m^ , mj)^^ = {nii , a ■ mj)L. 

So to find somewhere it does not hold, we need to look at elements a which are not in 
the range of a. 

Example B.5. Let A = C(T), a{f){z) = f{z^) and L{f){z) = |(/(w) + f{-w)) where 
w^ = z. Let U he a neighbourhood of 1 in T such that z i— )■ z^ is injective on U, and 
let {mo, mi} be the orthonormal basis from Lemma [B.3I Let / be a nonzero function 
in C(T) with support in U. Then / ■ ttiq = v2/ and / ■ mi = 0. We immediately have 
(mi, / ■ mi)i = 0. Both summands in 

(mo, / ■ mo)L(z) = - [m,o{w)v2f{w) + m,o{—w)V2f{—w)) where vo^ = z 

is in f/^; for such z, we can choose the square root w in 

where w & U and w"^ = z 

\izi u\ 

Now to see that flB.6p does not hold, note that {no, ^i} := {mi, mo} is also an orthonor- 
mal basis for M^, and (no, / ■ no)^ = {^i, f ■ mi)^, = is not the same as (mo, / ■ mo)^,. 
By Lemma [EH {0{ML),{Si}) := (C(Ml), {A;M(mi)}) is not the Stacey multiplicity-n 
crossed product. Thus C*{G) = 0{Ml) is not isomorphic to this crossed product either. 



vanish unless z 


= w'^ = 


{-w? i 


u, 


and then /(- 


-w) =0 


, so 






{mo, f ■ 


"2o)l(-2 
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